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PREFACE 


In the field of aircraft design, the question 
of weight versus structural strength has always 
been important. In recent years, with the trend 
toward high speed and high performance in modern 
aircraft, it is of the utmost importance that the 
weight factor be made as small as practicable. 

It is therefore necessary that the structural 
engineer use every means at his command for ob- 
taining the necessary strength with the least 
amount of weight, and thisc are must be exercised 
in every phase of design, down to the smallest 
detail. 

The subject of this thesis was chosen with 
this thought in mind as the design of reinforcing 
rings around circular cutouts is still largely a 
"cut and try" matter. 

The writer wishes to express appreciation to 
hiseadviser, Professor J. A. Wise, whose advice 


and assistance was most valuable, 
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SUMMA RY 


This is a presentation of a theoretical ana- 
lysis conducted for the purpose of designing re- 
inforcing rings for circular cutouts in flat plates 
in tension. In this report, the general case of 
a flat plate under a uniaxial tension load was 
assumed, together with a circular cutout symmetri- 
cally placed and retnforced with a circular ring. 
Expressions for the radial and tangential stress 
in the ring and the flat plate were derived in 
terms of the loading on the plate, the dimensions 
of the ring and plate, and Poisson's ratio. 

Experimental data was taken from a test spe- 
cimen which was constructed and loaded so as to 
agree with the assumptions made in the theoretical 
analysis. A comparison of the test data and that 
obtained from the theoretical analysis showed ex- 
cellent agreement and attests to the validity of 


the theoretical solution, 





INTRODUCTION 


The trend in modern aviation is toward high 
speed and maximum performance in flight, especi- 
ally with regard to military aircraft. flere with 
this trend go the stringent demands for structural 
designs that reduce the weight factor while still 
meeting the necessary strength and space require- 
ments. 

The design of reinforcing rings around cutouts 
in flat surfaces for various loading conditions re- 
presents one of the many fields where a simple and 
accurate method of design would save much time and 
effort and would represent a worthwhile savings in 
weight. 

The need for openings in the stress carrying 
skin of aircraft for maintenance access, doors, win- 
dows, lights, and retractable landing gear have pre- 
sented many difficult problems to the structural 
engineer. Usually, these holes are reinforced with 
metal rings--doubler plates—- riveted to the sheet, 
but little is known as to how well such a reinforce- 
ment approaches the ideal in reducing the stress 
concentration around the hole while at the same 
time adding least weight to the structure. 
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With this thought in mind, a theoretical ana- 
lysis of a flat plate under a tension load was un- 
dertaken. The flat plate was assumed to have a 
circular cutout, symmetrically placed and reinforced 
with a circular ring. Expressions for the radial 
and tangential stress in the ring and the flat 
plate were derived in terms of the loading on the 
plate, the dimensions of the ring and plate, and 


Poisson's ratio. 


THEORETICAL ANALYSIS 


I. GENERAL DISCUSSION OF METHOD USED. 

When a small circular hole is made in a plate 
submitted to a uniform tensile stress, a high 
stress concentration occurs at the edges of the 
hole located at ninety degrees from the direction 
of the tension load. If the diameter of the hole 
is less than about one-fifth the width of the plate, 
the onan ties for a plate of infinite width and with 
the load applied at infinity are approached, and 
exact theory shows that the tensile stress at the 
above mentioned neinrete three times that of the 
loading. From this theory, it can be seen that 
the stress concentration is of a very localized 
character and is confined to the immediate vicinity 
of the hole. 

Since failure will first occur at these points, 
it is necessary in the design of a ring to reduce 
the stress concentration in the plate in those areas, 
It is therefore pertinent that expressions for the 
radial and tangential stress in the ring and the 
plate be developed in terms of the loading and the 
dimensions of the plate and ring. This was the basis 


of the theoretical analysis as made in this report. 
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In this analysis it was assumed that the re- 
inforcement is an integral part of the sheet and 
that the stresses do not vary across the plate 
thickness. Previous studies indicate that these 
assumptions are reasonably valid and give good re- 
sults outside the reinforced area. It was found 
that measured and computed reinforcement strains 
agreed best in the case of a reinforcing ring fas- 


tenead with two concentric rows of rivets. 





PiG. 1. 


Let Fig. 1 represent a plate, with a small 
hole in the middle, submitted to a uniform tension 
of magnitude S as shown. From Saint-Venant's prin- 
ciple, the stress concentration that occurs around 
the hole at m and n will be negligible at distances 
which are large compared to the diameter of the hole. 

As developed in reference (a), and considering 
the portion of the plate within a concentric circle 
of radius b, large with respect to radius a, the 


a 


stresses at radius b are essentially the same as in 


a plate without the hole and thus are given by 


(ee). 3 = See 0 75 4S (1+ cow 28) 
ean J a = Seco 2 oC 
As 


These forces, acting on the outer circumference 
of the ficticious ring at r = b give a stress dis- 
tribution within the ring which can be regarded as 
consisting of two parts. The first is due to the 
constant component 4 S of the normal forces. The 
remaining part consists of the normal forces $ S cos 
206, together with the shearing forces -- $S5S sin 
20's 

As is evident later, a stress function is need- 
ed for the solution of the stresses due to the above 
mentioned forces and it would be very difficult to 
find a single stress function for representing both 
parts. Therefore for simplification of the problen, 
the radial and tangential stresses are worked out 


separately for the forces as divided above and then 


are added to give the final results for the flat plate 


with a reinforcing ring. This is carried out in 
Parts III and IV of this section. 
Part II of this section consists mainly of a 


check on the validity of the basic theory used in 


this analysis. It takes the equations for the stresses 


in a flat plate with a hole in the middle, as ob- 
tained from reference (a), and further develops 
these equations to obtain expressions for radial 
and tangential displacement which were then checked 
experimentally to substantiate the general theory. 

Briefly the equations for the stresses in the 
flat plate are developed as follows. 

For the stress distribution symmetrical about 
the center due to constant component 4S of the 


normal forces, the shearing stress os vanishes, 


AO 


leaving the radial and tangential stress as follows: 
= ga 
Ca = / 


ae 
2 a 
Co = B (7 +) 

For the remaining part, consisting of the normal 
forces $+ S cos 20, together with the shearing forces 
-5 S sin 26, there is produced a stress which may 
be derived from a stress function of the form db T@) 
cos 26, 

As developed in detail in Part IV of this sec- 


tion this finally results in 





x 2: 
= eee ee. ae Cot 2 
om =--£ [s+ gat Com 206 
6 #£§;§f? ae 








Adding the stresses produced by the uniform 


tension $ S gives the final expressions for the 


stresses in a flat plate under a tension load, with 











m@hote inthe middle. i Ps 
= a Ss 3a a 
Ss es a) ae Coe 20 
mos {7 i ax a 
f 
. 2S eae -$ (1+ 25, ) om 20 
oS (i %) 2 A 
¥ z . 
AO Fe At ae 


These are the equations which are used in Part 


of this section. 


THEORETICAL ANALYSIS 


II. EXPERIMENTAL CHECK OF BASIC THEORY. 





Fig. 2. 


For the above figure, the stresses were given 





in Peet I as, 5 ee 
Ss a” =) 2a," 4% ) ent 26 
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CG 
Qe 
or. 
_ Cr x 
. Ce 
Se 
Fige 3-6 
Let 


u = radial displacement 


v = tangential displacement 
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For this distribution of stress, the correspon- 


ding displacements are obtained by applying the basic 


relationships given below: 


Dw 
Px 7 J A 
ak, 

8 = r~ As @é 
are ae 
AO ,.d@O SA Ww 

Ee 

G 2 (/tm) 


ale 


ae 
Ss a” Sf, ae cme 20 
~» [El 8] ei 


Integrating 


7? “i fl rr eas 
nn Ur) 


a 
eae Cot. 20 
we 


3 
== Coe 29 
eS 





Li 


AA =e {a (i) + i) FA ( re») Con 24 
z x 
eae Coa 28 — (14m * Con 20 + #(6) 


fe 


in which fF ( 8) is a function of @ only. 
AL da~ ae ( _ ) 
+  ———— = E So Os os 


Se = A r~dISG 


ee (wey A) 


J 0 
Substituting values for Ce and u, and simplifying 
gives a J 
Sar _ Sn /# | Ly a + 17s 2 | eve 26 ~ tla) 
<= = - = rye) + 2 (in) (14) 4 
Integrating f 
ij = dim, 2G 
A | 


w= 2 |(/4p) fe (isn) + (rye) 
jae) LO + Fa) 


where F (r) is a function of A only. 


Substituting the above expressions for u and v in 


the shear equation 
ee Sa v- 
V0 a See — 
AAS SpA ae 
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+ 2(rgu) Se om 28} a 
2 ¢ 
of > a — 20 
de -- 3 [ip)-2(Ad nef 
+ Fa) 





12 


ze ek ; 
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{ fe) do 1/0) + v2 Fa) - Fa) = 
aC) ~ 8 et alia) S 
Sx [> (i) 7 2[cA)Ze + a( itm) 
lt (al tala + (mp) & 
(1A) + Hiya) Fe - bf) & 


—p 


Since the quantity in parenthesis =o, 
; ; es, 
\ Fo #o+t(e)+ vr Fu)-Far=6 
This equation is satisfied by putting 
Fw) = AA 
F (6) = 6 ..2en O 40°C GARE 
in which A, B, and © are arbitrary constants to be 


determined from the conditions of restraint. 


Therefore: 


a & 
=. — 2 [) + (Vm) oe +(/44) Cre 26 + =e Cog 29 


— (itn) A ee 20/ + G26 ¢ Cen 


Ae 
2 f 
Sa ~*~ — 
wv 27 Sele) 02 (rn) & tle) [x 26 
+fBemdQ - G tan, O + AA 


The conditions of restraint are: 
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(1.) At O = 90° ; v=o 
(2.) “Rive O -ax0° , Veo 
(3.) At O = 0° & 909, oe so 
From condition (1.) 

o = -C + Ar 

C = Ar 
From condition (2.) 

o = B Ar 

B= - Ar 


From condition (3.) 


Sao =-5 fos) ~ a(n) &- (yu) Sane +A 


Az 0 
B=0 
C =0 


The final equations for u and v are 
oe a a 
$= lic) t (lan) + (4) Cow 20 + 4 Te Cae 20 
of 
_ 2+ au 26 
Ks pe) $2 (a) tr ips) 2b > 


At © = 0° and r = a 
3 See 


u-> _e 


=, 


| 
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At O 


90° andr =a 


ee 
E 
To find GO for n= 08t rea 
Sa 7 
Oo = S= (s+ 2 cre 26 
cos ZO = ~4 
cos 1209 = -3 
QO = 60° 


Using the above equation for radial displacement 
(u), a plot of the displacement was made as shown in 
Fig. 4 for a loading of eight hundred pounds on the 
test specimen as indicated in the same figure. An 
experimental check using the Huggenberger Tensometer 
was also made on the test specimen and gave the ex- 
perimental values as shown, The results indicated 
that the basic theory used is sufficiently valid for 


purposes of this analysis. 











Teh 


$ 





‘ 
4 


ae ee 
™ ; 
agi hao ; — 





4 


+ 
00 LBS. 


| 
RAD. 





| 


' 
\ 


fe pe ee et ee 
4 
5 = } om 
‘ 


— +4 


SAD OF | Bi 


_- 





| 
‘ 


| 
| ‘ 
HOLE WITH | 


4 
‘Sr. 
| 





“4 
CPERIME 
N LO 


. 

| | 

ND. EXP 

| 

| UND THE 

{ | 

TENSION 

7 | 

ea ...| 

| 

¥ 
Pst) 

| 


| 
ER 
—_ 


—— ' 


‘ENSI 


PLAGEMENT- ARO 


er 
\ 
A 
| 
t 


a ‘Ee pea oer Sos Be a aA = {5 ~—t-- 


k i 


iJ 
| 


ORETICAL A 


| 

u 

ot 
li 

7 

f 

| 

| 


EN 
-| 
: 
} 
| a, 
. 
+ 
| 
‘h 
4 
if 


HE 


* 
i : ‘ 
~ -—— — - eee 2 fovea — je 


’ 
~o ake g= + - 


ill 
aN 
a. 

SF 
ce 
™ 

| 

| 
aa | 
a 

| 


i 
= 
! : 
t= ~- 
ft 
j 
1 
i 12 
ears am fh ~ 


is 
“TEST SPRCI 
et 

| 

+ 

. 

| 

| 

| 

| 

a 


P 
| 
EST 
a 
| 
! 
wr 
a 
| 
a 
i 
J 


i 
A. 
ie 
- 
T 


see NE 


ee ed Ss el LT i 
ia { | = i oo : ‘. 
be _sane ee ee | oh om en am t —_ " = a.) at ia g 1 | | =| a | -__. ce LS ea a 
a ‘ i : ‘ 5 : i 
fe sani ! eae 
Be Saas eg aa oo =} fm ts 





— = = 4 
; ; t 








i] 


THEORETICAL ANALYSIS 


IIIT. DETERMINATION OF RADIAL AND TANGENTIAL STRESS 


DUE TO THE CONSTANT COMPONENT 4 S OF THE NOR- 


MAL FORCES. 

Let 

t. = thickness in region of ring. 
t= 


o = thickness of flat plate (outside ring). 
To obtain the radial stress (e ) and the tan- 
gential stress (oe ) in both regions (Tt. Se “ce 
due to the constant component 4S of the normal forces, 


the procedure is as follows: 


Te 


rao 7 0, since the stress distribution is sym- 


metrical, the stress components do not 
depend on @ and are functions of r 
only. 

This is also evident from the polar equation of 


equilibrium, a Rs o/ d 2 ee J 
AO A JS OE ~A did 


The displacement (u) is a function of the radius 


only, because of symmetry. 


Since / 
AA 
oo - a re 
27 (1+ )- 20 oe 
ei ———- F 


2 WA AY 





Then 


= &(€, +p Eo) ] im =) 
ow = E (E+ €,) e(= t+ =) 


Considering the equilibrium of a small element 


\\ 


cutout from the plate by the radial sections Oe and O, 
J 

perpendicular to the plate, and by two cylindrical 

surfaces ad and bc with radii r and r + dr, normal 


to the plate, 
O 





Fig. oS. or 


Gan remains constant because of symmetry, 


G 


Waa (from previous considerations) 


Summing the forces in the radial direction 


2 ~ (a. 
Neglecting second order quantities and cancel- 


Pimevout dr f6 gives 
J oH = = Geo 
“oe: 8 


rw 
Substituting ¢@ and Go in the above equation, 
“Ne 


a 





























ais 
oa es 7 dw ais O 
JA J A mw 
Multiplying through by r, 
z 
2 oJ ems eee —— ees 
wk Shoe t+ * a 
To solve this ordinary differential equation, 
Let r= ae 
+t 
ne = e 
AL 
i a 
—__ Co eae 
Avr e 
dar — Aan = me 
Ae ee, LAE 
where D = A 
de , 
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ha ie ——— 
di) = ay. Al ALE Zoe 
Pe. hr AT aan 
+ z 
me i + Lu = An se 
An An ad t* he 
2 
ae do + Aw du . oo 
oo AA eG = 
Za re a dea: Peni r- 
eso z a 2 a - Die 
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z 
bus es = D( D-1) 
Ah raX~ 
Therefore 
ast J 
2 ee a ES 
JA JA al ' 
may be written as 
| D(d-1) + D-, “az = O 
[p*-1] » =e 
ac 
let AA, = Cc 
my = } 
ms he Leg ey 
ee _ 13 B 
Aa = A ar r B e 7 A . ye e c 
ce 
Since r = €C 
— s 
— A Ft Tne 


To check on the correctness 


of this formule, consider 


a flat plate as follows with a constant thickness: 


oF 


Pac. 6. 


with boundary conditions as follows: 


When r ® a, Gc = O 
When r =C, S = = 
Using the original equation for oY; = 


Co 


A 


J 


qa 


SA 


e/ $= +» 


Sf ~ 


B 
- A--> 
“wu 


aA 
Aa 





Zail 


Substituting boundary conditions in the above 


ee c [U+) (4 = (1p) 2. | 
= elUw) 4-(irm) & | 
B= | a 4 

ea 


E] Use) AL ms ~ a | 


oe 
Cc 
S/zeE 
A 2 V—————— > 
(/+) ( /- =.) 
ae 





iS a 
— a t 
Co . ie A 2éE (a 
Cc c~é} 


Co >. /- aa. 7 
“A a / = o// a 
Cc 
= ood 


Forc = 


—— a 
ae 2/1 re for a flat plate of constant thick- 


ness with a hole eat the center, 
On page fifty-five of reference (a), the follow- 


I 


ing formula is given for a hollow cylinder submitted 
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to uniform pressure on the inner and outer surfaces 
Haya 


wb (Po- fa) / 


= z 
ry ee b 
. b*- a” aA a a 
b--a 
In the above case: 


O 
oe ee, 
.* 


Ez 
ge - eh (-%) 


(positive for compression) 


Ss cS 
he, Ae 
b*-a™ ZA. joe is 
s _ Pat LO? Ag oe 
ea = Be 


(eaanca ee 


en ee numerator and denominator by -—- 


= BLT Ra sya : 


This gives an exact check on the formula pre- 
viously developed: 


u = Ar + 2. 


For the case of a flat plate with a different 





é3 


thickness around the hole as follows: 





At the boundary (b), the designation is 
i - inside 
o - outside 


as indicated in the above figure. 
At |: = 4 a Oo Um ~/, 


AA = Altes + Bef 


Boundary conditions are as follows: 


(1.) Atré=a, = 0 


(2.) Sater = C, e * 3 
- (35) At a @ Db, At . = xo 
: Ge 
ilies) At r = De Ee b. = wy ee. 


Using the formulas previously developed in this 


section 
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Bo 
Cr = e [ (tp) igh) Ts 
and 
B 
= A + 
u P26 = 
the above boundary conditions give the following 
equations, assuming the modulus of elasticity (E) 
to be a constant. 
he 
(1.) 0 =| (tm) A: - (> ot 
Ss. fps.) ae 
(3.) A. t oe = Bo 
: 6 zB Ab + - 


Oe) 4. [Um A, -f) 73 | . lu) Ae ~ (1) = 


These equations may be solved by the method of 


determinates for the constants A - | B A. gud ba 
/ 
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~ ao & 
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bE 
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2 (ab) TC. Poti \ +b (1) | 
Denominator ral 7 


a*bc* He (ste) to Lb (in) to (144)| 


The validity of considering the load applied at 
infinity has previously been proven in section II, 
and this is now done for the value of c as it appears 


in the denominator of the four constants listed above. 


» (ere) El +s cA) | 
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Combining the numerators and denominator give 


the constants: 
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Considering previous formulas developed: 
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SA 


By proper substitution, the above gives: 
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Therefore for the radial and tangential stresses 
due to the constant component (% 8S) of the normal 
forces, the following equations apply in which the 


above constants A B A. and 68. are to be used . 
= A 
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THEORETICAL ANALYSIS 


IV. DETERMINATION OF RADIAL AND TANGENTIAL STRESS 
DUE TO THE NORMAL FORCES (4 S cos 26) AND THE 


SHEARING FORCES (-3 S sin 26). 


Neglecting body forces, the equations of 
equilibrium for an element, expressed in polar 
coordinates are: of - &% 


of A otha Jj 6 


—— 77) 





UL 








ce as) a Woe TA Tre 
These equations are satisfied by taking: 
oe). i See + Lee 
A -— »~ dr eee 
oe, = ~4 | J 
6 JA” 2 ae ‘Z <>) 
AB A* dA wa YA JO oo 


where p is a function of n aud @ and 
is known as a stress function. 

As developed in reference (a), the stresses 
developed from the normal forces ($3 S cos 26) and 
the shearing forces (-3} S sin 28) maybe derived 
from a stress function of the form 
ee fu) cow 26. 

Substituting this into the compatibility 

et oe Vg 3 dd / Jt 
Jar x Jr wn AG JAry *~ AHA A AO 


gives the ordinary differential equation, 
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Solving this equation in the same manner as 
used in Section III gives 
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The corresponding stress components are; 
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oy ( A AY AB Se ) 
z eC 
= + Cat LO 
o, = (2A +/2 BA AS) 
v= (24 + @ BaX- SL - 22 |) an ae 
AS 


To obtain general expressions for radial dis- 


placement (u) and tangential displacement (v) for 


the above conditions, the procedure is as follows. 


For this distribution of stress, the corres- 
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ponding displacements are obtained by applying the 








relationship as follows: 
oS _ E 
eo a 6 - (Ky a, ) 
ee of ee pi 
Co ~ “Swe ef ~a 
Saw Sar ca Bh a 
Mode “dn A te & Mae 
_ E 
G 2 (/t4) 
~ See = LS os o%, ) 
oN i= (<% ye OG 
~ et yor = + _ 
ao) Ok A SO z (83 p4 4) 
_ ne Se oe a a 
ye rAdSf a in ne G i 
6C L 
endo 2{-(24 +S +x) ere 20 
i ~y, fC cme 26 / 
-4(2A4/2 Ba + SE) 


ee 2Cea 286 au 
SAA E | A (ita) > AS (/4) AX 
Integrating, 


i oD 
ae Sot 29 [a (1pa)im 2 Br 4S (yu) + 22 It fea 


a 


A 
in which te) is a function of Q only. 


Se tae a Se) 
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we Eg a aa 


Q 


ale 


i 


¢ lay %)-~ 


lt Q_ 
OD 


Substituting in the above equation gives: 
— t-= 


>. De d at ae aC 2D 
= - Bree 20 (4 +68 + 35 ) tm (A = } 
2 C 
,2r oe 28 f Align) ty TOT ars (sep)- =P - f(6) 
ar oA C a 
= tac 28 /aligs) + Ba (344) + (i) ~ 2 (rp| fo) 


i. 
Jo 
Integrating, D 
. = C 
= iA oe i (itu) + Br (34) 13 iy ~B bl 
- { Fe) do + Fe) 
where F (r) is a function of r only. D 
. Cc 
aro = am A 200A (iy) + Ba? (34) TA? (1t4)- * (im)f 
-[ fo dO + Fu) 


Substituting the above expressions for u and v in 
y a wee 4 da —_ 


Soe OY ate 20 Sf z2 2g fie 
ofan) be Bp) hi 


ado 
: Bee 20-4 a liyp) + 9 BA” (sye)- 2E (ip) #2 (r4) 


° | 


Eee 
Oe = ; 
+ FW) 





Je 


6 = Slane) 19 Bade 2 (in) 22 + fo) 
3 tan 20 St BA* z + Fe 
+ : fC +3 (sy) - > oe (iia) + 2 2 in)| a) 


i 2am 28 /- A (ip4)- BA* (344) - ~7 (tu) ta 2 (a) | 


Fie) do - S& 
NS 


Je = | Fo de +4 @) 4+) Faj- Fin) + 


ZA (st) t ¥ BASU ag (yw) ~ 2 
Ali) + 3BA* (344) - 25 (stu) + 2 (i) 


2” an 26 





P: 
= 
- A(1) - BL” (34,4) - lies tit (tr) 
ee 
.,* & C8 
Be rer Se 
- oe yt 
G = - 2 


a ae ool 








33 


{ fe) 4o+t(e) +r Fur) as) = 
2A (iy) — 6 Oatlign) + SS (rye) + Se 

22428 | 24 (Hp) + # Bry p - 22 Gn) - £4 
E A (14) +3 BAY (344) — 29 (rte) + 4 (1) 


- 4(/tx) - a (344) — SS (pe) +B (i>) 


Since the quantity in brackets is equal to zero, 


| Fo AG + f (0) + 2A neo —- Fr) =O 


This equation is satisfied by putting 


Fu) = X~* 
ey = YY ai 6 es Con O 


in which X, Y, and Z are arbitrary constants to be 


determined from the conditions of restraint 


Substituting these values in the equations for 


u and v gives; 
“a= Za ere 28 | Aliyp)-2 Bay +o (Ne eI + Yang rLin@ 
2 tm) | 


— = BA 20] A (ign) t Br* (34) 7 ber (1 Fs 
2 Pur —- Zand + Xa 


For the purpose of determining the value of X 


Y, and Z, the conditions of restraint are 








3, 


(7) At OG &= 90° sc Sea 
(2 met? Oo G=00° , 2 eo 

) at @ = 90° or 0°, S% =o 
AL 


From condition (1.) 
O2 -2+Xr 
Z2=xXper 

From condition (2.) 
OFY+XRKrPr 
LL = = Ar 

Emam condition (3, ) 


Or _ 2a Ze 21a (ign) + 3 BA" (ayn) - * aE (ie) + 2 (x) [+ X 


JA 
X 2 O 
Y = 0 
Z= 0 


Therefore 


a = aa Ce 28/- A (Jn) - 2 BAlp te So (iga)t 22 


2 Ae 10 u Ss _2y. 
i = Bate 28] Alig) + On (244) +> (1p) ae A) 
These equations are the general expressions for 
radial displacements (u) and tangential displacement 
(v) for the normal forces $ S cos 26 together with 


the shearing forces - $ S sin26. 
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As a check on the equations as derived above, 
the equations for 6 . Se and ae on page 29 can be 
used to determine the values of the constants of 
integration from conditions for the outer boundary 
and from the condition that the edge of the hole is 
free from external forces. 


The boundary conditions are: 


(l.) Atr=b, GOL = ZS Coe 286 
(2.) Atrea, Gr. = O 
eight 2 ab, tp 2 lS eee 


(4.) At r Soa, (Se 


These conditions give 


gar $$ +48 =-45 
GC 4“ OD =} 
a ye a 
ge 66 ~ 24 =-i9f 
We) tee 


A es ae — —-o 





a Ce 
Solving these equations and putting a/b = 0, ie., 


assuming an infinitely large plate, gives: 


A = -S/, 


B= 0 
¥ 
~_ &@ s 
: 4 
ee 
ot 
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Substituting the above values for the con- 
stants A, B, C, and D in the equation for u gives 


the following result: 


¥S aon 
LA Cre 26 1S a eee 7— S$ 
= E (14) Oe (/t-) xt | 


E 
yf z 
By Aen gee. (7a ae: Cor 290 
a ue ow) aA (4) wee 


This expression for u contains the last three 








terms of the general equation developed for u on 

page 1h of section II. The other two terms in the 

general equation are not dependent on @ and are due 

to the constant component $58 of the normal forces. 
To obtain the other two terms, in the general 

equation of section II, which are due to the constant 


component + S of the normal forces, proceed as fol- 


é 


lows: 
From section III 
B 
vzAr-+ me 
B= ee oo 
JY 
Ss 





AA 








828 Up lKE) “CI-E) 
For C——>> sO 


a an 2 

2ZE Ltr AL (71>) 

So Te - a . ee 
oF Boe ([~pe* AS 1 


a 


Since Jo / 





& 
as 


<p] 


Therefore, using the principle of superposition, 





and adding the radial displacement due to the con- 


stant component 5 5 of the ome forces, ie: 
us / + — /t- 
Se [i ae a iyo) 


and that due to the normal forces 4 S cos 29 toge- 


ther with the shearing forces - = S sin2@, ie.: 


a’ ig 
—— [ (ee) , (ipe) + £&" | eve 26 
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gives the final expression 


z 
oe is r itu) Cow 29 
u= DE (iz) + (ite) 5a (14 ay 
“aM s — Coa 2804 
x AX Cow 2490 (144) 7 
and is identical to that on page ll which is the for- 
mula for u due to all of the loading. This gives a 
complete check on the validity of the equation for u. 


In the same manner, the expression for v can 


be checked as follows: 
Lr su 26 Ana * (34 )+S 4) - 2 li) 
ye EEA OL ST 


Again using 


A= - S/k 
Bz 0 
ac 
ae oe 
a 
D= wa) 





Since 
| due to the 
ponent %S 


expression 


BY, 


there is no tangential displacement (v) 
symmetrical loading by the constant com- 
of the normal forces, this is also the 


for the total tangential displacement, 


and as such, 


on page 1h of section II. 


it agrees with the expression for v 


To determine o&, and SQ in the ring and plate 


due to the normal forces ($ S cose@ ) 


shearing forces (- +S sin 2@ ), 
B, C, and D must be determined in 


and 0, as indicated in Fig. 8. 


| Poe. 8, 


and the 
the constants A, 


both regions, i 


At the boundary b, a stress flow is assumed as 


in Fig. 9 (b) instead of the actual stress flow shown 


as it would be in Fig. 9 (a). 





Fig. 9. 











Since there will be eight unknowns, A. BB. Ce D. A. 
B,C. and Dos there must be elent equations. 

The boundary conditions for these eight equa- 
tions are as follows: 


Atr-=a 


(25) C5 =e 

At r =C 7 
(3.) A, = 2D Coa 26 
(2) Gate > S aes 26 


Aw®r = bd Eten 


The general equations to be used with these 


boundary conditions are: 


soe ae 264 
me =-(2a+-%5c + 0) ome 


oe 


ee A = t ce = D) 


; a 
_ = 248020 [ipl A-2 Ap B+ AC age o] 


Pe 2 at 28 l(iyp) A + (atn)ar Br YE C- 5A p| 
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Using these formulas and the above boundary 
conditions, the following equations are set up for 
determination of the constants: 

The subscripts are as indicated in Fig. 8 with 
relation to the radius b, 

i - inside 

O - outside. 

These equations also assume that 

ee 


It should be noted that these constants are not 


the same as those which are evaluated in section III. 











eta Ce te. ae 
(ay Ag + omk 82-3 C. — Bae 
5 
(3.) Ae t+ C. + o, > 
le 
eae ease ae x ay = at dD, ~ a 
) t. A. hoe Cc ZC, D -¢, A,- 3% C- ale p-o 
LY a D* + ¥ b ° 
(6.) t. A, +3t.h B; —_ Co D. 
-t,4,-3¢,,°8, +2& C, +Ei Game 








2 
(7.) (tte) A; ta boy B.-~ (4 ©.-4 D:; 


A x a 
~ (iy) A, ~ 2 bp Bo + A C+ H D, =°0 
Cty) A. + (34) b° B. + A C. — D,: 
~ (1g) 4o-(Gtn) b Bo- FAC, + tA D,= 0 


Solving these equations by the method of determinants 
for the constants, and imposing the condition of 
C-32>cO gives the results listed below. 

Because of the length of the terms, the numera- 
tors are listed separately, as is the denominator, 
They are not combined to give the complete constants 
as it is more convenient to work them out separately 
for a specific case, 


The numerators of the constants are; 
ia aa 3 ak re (3) + ©. C. (iy»)| 
| eae © t.t, (/ )/ 
at. ( (tu) Wo 


be ee [te (14) - a v5] | 


Num 8 = - rt vl C iia t, * ()} 
[t: t. (it)- ©, “(iya) 








tn 
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Num C. = - s {36 Ee t, (14) te lo0)| : $68 fe (iy)-€,t, iy 
Nun ye _ Be eC. (/tp) tb) - i tt, (44) - Uo 
tun 4. = - = { Deneminater f 
Nua B= © 
wn 0, =- $f -S (28. (4) + 6)" ell] 


-Hefetete (aye y')- tlie) t." Oy) | 





in eee Cia ppt} s tile tiled] 

- % fate, UH) “ t.° (i) £5" (ry)*/ 

= 285. 2t.t, (/) tle te (sa\ovg)| 

wwe D=- $f sage [2 Ot. (iH) + 2 Cy)" 2" (aia) 


TF | Zt liga) te (1p) ™t,°( ar) | 





7 att, (144) > te (ix) - Zo (¢g4) / 
ee | att, (/4«) t. () = (ip) 


Jee 
r Hee fade, (i) tn) (hin 











Den = aoe [2 t.t, (s-ay ye) +t ( 9a) (14) rt, ( )(ip)] 
3 re 2tt, p (14) - é (a) (1) t+ t,° (3y0')] 
24 t, (tp) -TS (sli) + f, (yu) 
36 fate, (m)- t Only) tela] 
+t [(4,-2.) Gn] 


For the stresses and displacement due to the 








normal forces (4 S cos 26) and the shearing forces 
(-+ 3 sin?26@), the above constants are to be placed 
in the equations as listed below, using either the 


subscripts 1 or o as appropriate. 


co = -(2 A t C ++ D ) Coa 204 
p= (24 +12 Bratt £0 ) ew 20 
Crear (2A 464° B- &C- % o) an 20 


_ &a Coa 20/7 _ J? 2 
he SRE Cll A aco 2S 0 ae 


ve ER SEU) A +/(ryp)°8 1 c- eo) 
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THEORETICAL ANALYSIS 


V. SUMMARY OF THEORETICAL ANALYSIS 

The radial and tangential stresses due to both 
the constant component (% S) of the normal forces 
and the normal forces (4 S cos 2@) together with the 
shearing forces (-3 S sin 26) must be added toge- 
ther to give the total radial and tangential 
stresses in the ring and plate. 

The radial and tangential stresses due to the 


constant component (3S), together with the proper 


constants are: 


B.: B. 
Ca. = E [0 4.- (0) | ) Co. = E [Cw A, tl) 2] 
= E [n) Ac (4) | > Gp = E [C9 4, + low) Pel 


4 -.._6%>° [ pe ER ES TE ETE 
, E (iru) La* (ya) (t,-te) 6° Ce (19) -b “to (ym) 





ts Prue |e Fi 
aa jes (1) a (stu) (0,-€.)-b°Z, (/144)-b* T, al 
S 
..* aE (14) 
= .._* > b* (im) (t-te) — a* t (1) - a8 te (Vw) 
Be oF (1x4) eR) eee b° Cl: (ste)- bY TC, (tp) 
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The radial and tangential stresses due to the 
normal forces (3 S cos 2@O) and the shearing forces 
(- $ S sin2@), together with the numeratore and 
denominator of the constants are: 


m= -(2A,7 Ca D. | cwa 26 


--(z2A, +$ C+ Dd) cw 28 


oy (2A, +12 B.rar>+ 5 Cc.) ew 28 


me | 2 A, +12 Brr- t+ 4 © ) cow 26 
Num A .-- Sfeelte (3-n)+ Tt, (1y|- 8 fe (144) -T.€ on 


Lee [ed cone Cpl] 


wwe 3 =-$f-22, lee, (14p)- t. “(ryp)| + ae t _ (t)- C. “Alf 
oe C= £254 o (it) + 6, (sca)} 26F Le? (19u)-t a val 
wa De $f Zi fee nr etclor SS fe tor elon 


=—2 , is 
Num A> os { Denomsna orf 


Num ae = OO 
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na $f ite eet oslo 
na C0, (ayy yu?) t."Lign)™ 65 (aye) | 
ta, att, (74 6n43.°)-3t.(syp) — <3 tly)] 
~ 36 fate, (ep) t2 (pn) 00° pd" 
ae tt, (ie) t C5 (1p) - c(i) 
sun D PHA we [2 tote (cH) + (ry) ED (ayaN(ina)| 
Bf 6 wliy)-tliy)® to (240) 
= < re [2 t.t, (4) —t,"(i) ~ oly)" 
+ 2) 2 2tt, dm)-~ to ()-t Sloy)"| 
He 2 t,t, (ra?) +t, “(i4u) ~t, lief} 
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Den a et, t, ( 5-2 tu’) us a (3) (144) +05 (aaN(ion)| 
+ Fel Cty (1p) - € (az) (14) +E ( sy) | 

ae} . y t ' ; 
el tt, (rp )-% Axle) + % (oA 


+ 36. [2 tt, (rn) E° BN) +b, (on) | 


- | (#:-t.)° (3) (14) 


It 1s not practicable to combine the above 





numerators and denominator because of their length. 
At this point, it is best to substitute actual 
velues for a specific case when using the above 
expressions to determine the radial and tangential 


stressee. 











APPLICATION OF 
THEORETICAL ANALYSIS TO TEST SPECIMEN 


The results of the theoretical analysis are 
now applied to a flat plate under a tension load, 
with a circular cutout symmetrically placed and re- 
inforced with a circular ring. 

The dimensions of the test specimen are taken 
from a structure which was tested experimentally 
for verification of this analysis. The dimensions 
and loading are: 

a= 2.5 inches 
= 3.5 inches 


o= 0.01.0 inches 


eee 


-= 0,120 inches 


C23 
= 10.3 x 10° 1lbs./sq.in. 


oe 


See the section TEST DATA AND EXPERIMENTAL 
RESULTS for details of the test specimen. 

Applying the equations of Part V of the theo- 
retical analysis: 


For the constant component (4% S), 


Gan — S(0.305— a 





= a) 
— a 
Sg s( 20S 7 — 


9 
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= s(os ~ oes 


, = S(05 + 2.626 | 
oO A> 


For +S cos 2@@ component of normal forces and 


+S sin 26 shearing forces, 
s(o.v4t+ 426-24) coe 26 
AF A 





Gy, = 
= = 2 Gum 

Sp = s(-o.v¥y + 0.039124 42: ) cre 26 
= _~ B2WY  @.472 

a | of ) wa 26 


2 


Cp eS. = O7s 7 22.6 ] Cog 29 


oO — 


Combining the above expressions to give the 


equations for radial and tangential stresses due 


to the total loading: 
@, = S{0305- am t[o.vvy + £26_ £6 Crt 28 
a ae ee 
-,.= s [os tha + [0.5 - 32.6% _ ae cox 26 f 
° rw AY ti 
Cs = s {0.305 pra t [-o.vvy #0.039/2 47 F2.6 74} 
~ te r* 
Co a sfos + 2626 + (-o,54 228% cre 265 
o — “~*~ 


In the experimental testing, the data was taken 


at 
©. ssqqe 
Com 20> -/] 
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For this location, the above equations reduce 





GO: 
Ge = or 767 _— $2.6 
A. z ¥ 
& tu 2s 
= = 7 PNGAO  Bauee 
“AG AY ae 





Gp = Ss (0.749 #22f _ 0. o3g/2Ar*¥ te 
wht, ¥¢ 


a 0.626 _ 32.6 
Ce = S(/o ¢ =" =" saat 
° ae 2 


Since the experimental data taken was for Es 
at 9 = 90°, and for r = 2.6, 3.0, 3.4, and 3.6, 
the above equations were used to obtain the follow- 
ing table. 
TABLE I 


~ 
one (1.900) | 
26 sare) 
. Ces | 
3.5 S(0.710) 
6 | sto 


Since the cross sectional area of the test 
specimen at the point where the loading is applied 


is 1.2 square inches, 





See Fig. 12, page 60 for a plot of the theore- 


tical data as determined above. 














TEST DATA AND EXPERIMENTAL 
RESULTS FROM TEST SPECIMEN 


The details of the test specimen are shown in 
Fig. 10, page 55. The reinforcing rings are fas- 
tened to both sides of the flat plate by hammered 
rivets, spaced as shown. Past experience has shown 
that the reinforcement acts very much as an inte- 
gral part of the sheet when it is reinforced with 
two concentric rows of rivets. 

Figure 11 contains photographs of the test 
section and test equipment, made while the tests 
were being made. 

Table II is made up of the data as taken during 
the experiment and it is used to make the plot of 
experimental Sale as shown in Fig. l2, page 608 

Strains were taken by use of the SR- strain 
indicator together with a multiple switch box for 
ease of taking the readings. The gage factor set- 
ting on the strain indicator was 1.77 and the gage 
factor of the strain gages was 1.68. This necessi- 
tated that all strain measurements be multiplied by 
the factor of See ° 


1 


In the determination of o, it was assumed that 


2s 





6 =o ,» an assumption which is obviously quite 


accurate. This allows a calculation of SS by the 


simple relationship: 
o_o = E €, 
where cA is the strain as measured by the strain 


gages on the test specimen. 
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DETAILS OF TEST SPECIMEN 


S 


[ 
- yy 0.040" 


“ 


tan 
STAAIN 
6 7. sy ad | 
- 0.120" 


Ring aud Plate ~CP4¢+SsT heed A /foy, 








/ Mf : 
a Alumiuu um 
/@ Alas 


Z- SA-4 STAAIN GAGE? 
PLACED IN PAIAS OWN 
BoTH SIDES OF 
SPECIMEN, 

TyeE Allg 

GAGE FACTOR /.68 


RES. /N OHMS 640 


» 


FIG. 10. 








FIG. 11. Experimental Test Set-up 
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and 5 


ana 8 


a me 
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TABLE 


II 


EXPERIMENTAL DATA 


a indicator reading for P equal to: 


182 


$°430 
3 975 
15,220 
10,012 
11,830 
9,158 


Strain 


2 ia" 
ao" 


3b 


ae: 6" 
Be a 


a6 


2,000 O00 OF e00 
1 LS ees 0 
2 il he 1h, 742 14,835 
fo 9,193 9,233 
13) Hes 13,405, 13,480 
7 a 15,420 15,560 
99990 9,975 10,023 
11,860 11,952 12,050 
9,250 9,434 9,620 
(inches per inch) for 
2,000 000 6,000 
351 637 905 
i 2 20 
1S tye gaa 
re! 330 463 
8 200 34c 
~65 -3 
32 12 a 
97 290 485 


22h 


10 
2 
129 


2,310 
i "060 

"260 
LeooU 


Ol, 


7 
265 


780 
O70 
"690 
2,730 


L, 
2 


695 
301 
113 
402 


7 a0 
3,100 

1,160 
2130 


D000 


14,675 
14,915 

,265 
ore 
153712 
10,083 
12,168 


9,830 


10,000 


14,905 
99 
»c07 


137 1703 
15 ,868 
10,130 
ieee 
10,038 


P equal to; 


3, 000 


1C , 000 


i2,000 


15,120 
6 15,052 

9,300 
13,836 
16,010 
10,130 
12 02 
10,255 


12,000 


oh 


ly 000 


15,290 
15,070 

9,245 
uh ,020 

210 
10,015 
12,518 
10,535 


14,000 


l,uee. 2 ae 1,630 l,eie 


05 
7 


Suh 


eo.for P equal to: 
Radius 2,000 4,000 6,000 8,000 10,000 12,000 14,000 


9,520 129000 a 


4,160 


"598 


28), 


861 
oe 


"618 
226 
1,045 
_ 


ai Lj rt 1 ip 


Average Strain for P equal to: 
Radius 2,000 L000 8000 8,000 LO eOOOw 12000 1,000 


688 


py 5 2h0 


1,165 1,393 
934 ‘28 233 


20 
82 


» 34.0 
, 100 


1,629 
687 
115 
1,028 


16,800 
7,080 


1,670 22020 a 100 1, ae 
Be "600 7,090 8 HO 10,1 0 











COMPARISON AND DISCUSSION 
OF TEST DATA AND THEORY 


A plot of experimental and test data for tan- 
gential stress versus radius for varying total 
loads is shown in Fig. 12. In general, the agree- 
ment is excellent, especially at the inner radius 
where the stress concentration is critical. At 
this point, the per cent variance of the theore- 


tical tangential stress from the experimental tan- 


gential stress at the varying total loads is: 


At P = 12,000 lbs., 10.5% 
P = 10,000 lbs., 9.7% 


8,000 1bé., 8.7% 


6,000 lbs., 11.8% 
4,000 lbs., 1.3% 
= 2,000 luae, lowe 


FE 

RF 

P 

Pp 
Observation of the curves of Fig. l2, indicates 

that the original sheet between the rings is under 

a slightly higher stress than the rings, perhaps 

on the order of ten per cent, since the experimental 

stresses (taken on the rings) are somewhat lower 

than the theory indicates. This is probably due to 


the fact that the rings are not acting in complete 


accord with the assumption that they are integral 


58 
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with the sheet. It is likely that an increased 
number of rivets would result in better agree- 
ment, 
Non-agreement between the theoretical data 

and the experimental data is quite pronounced 

in the ring area towards the outer edge. This 
is probably due to the fact that the ring does 
not act completely as an integral part of the 
sheet, and if a greater number of rivets were 
used, or if the outer row of rivets were placed 
“nearer the outer boundary of the ring, this part 
of the ring would tend to carry more of the load 
and give better agreement with the theory. The 
assumption of an abrupt change of stress flow 
at the outer boundary of the ring as explained 
on page 39 is also responsible for making the 
theoretical values high at that voint. However, 
the stresses at the outer edge of the ring are 
not critical, so that the variance in this area 


is inconsequential. 
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CONCLUSIONS 


As discussed in the previous section, the 
comparison of the theoretical computations and 
the experimental data for the tanzential stress 
showed excellent agreement, and indicates that 
this method might be used to solve problems of 
reinforcement design in the case of a flat 
plate in tension with a circular cutout. Sets 
of curves could be drawn up for various thick- 
nesses of plate and ring and also for varying 
widths of the ring. It would also be useful to 
apply this type of analysis to investigate the 
possible optimum widths of rings and thicknesses 
of rings for reducing the stress concentration 
by a predetermined amount. 

A study of the effect of rivet placement on 
the stress distribution across the ring is sug- 
gested as a worthwhile topic for experimental 


research in this field. 
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APPENDIX C 


SYMBOLS 


internal radius of reinforcing ring - 
radius of cutout. 

external radius of reinforcing ring. 
modulus of elasticity. 

radial strain. 

tanzential strain, 

modulus of shear, 

shearing strain. 

total load on plate - lbs. 

radius in inches. 

stress function. 

loading on plate - lbs. per sq. in. 
radial stress in ring - lbs. per sq. in. 
radial stress outside ring - lbs. per 
Sq. in. 

tangential stress inside ring - lbs. 
per sq. in. 

tangential stress outside ring - lbs. 
per Sq. in. 

thickness of ring and sheet. 
thickness of sheet. 


shearing stress - lbs. per sq. in. 
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(19.) © - angle measured from direction of load 
(see Fig. 1.) 

(20. ) u - radial displacement. 

(21) ies Poisson's Ratio. 

C227.) v - tangential displacement. 
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